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Abstract—It is speculated that higher penetration of inverter-
based distributed energy resources (DERs) can increase the
risk of cascading tripping events due to voltage fluctuations.
Quantifying this risk requires solving the dynamic state transition
equations of tripping events for interconnected DERs. However,
these equations lead to a complex non-equilibrium system, which
does not settle into stationary steady state conditions due to
the volatility of DERs/loads. Thus, tripping dynamic equations
do not have an asymptotic solution, which implies that the
non-equilibrium dynamic model cannot be used as a tractable
basis for DER curtailment prediction and mitigation. To ad-
dress this challenge, we apply a probabilistic approach, which
employs Chebyshev’s inequality to obtain an alternative time-
invariant dynamic state transition model for quantifying the
risk of tripping for networked DERs. Unlike the original non-
equilibrium system, the proposed probabilistic dynamic model
is stationary, which enables operators to estimate the expected
DER curtailment events asymptotically using DER/load statistics.
Furthermore, by integrating this probabilistic state transition
model into an optimization framework, countermeasures are
designed to mitigate cascading tripping events. Since the proposed
model is parameterized using only the statistical characteristics
of nodal active/reactive powers, it is especially beneficial for
practical systems, which usually are not fully observable in real-
time. Numerical experiments have been performed employing
real data and feeder models to verify the performance of the
proposed technique.
Index Terms—Dynamic modeling; DER statistics; risk assess-
ment; cascading tripping events;
I. INTRODUCTION
Increasing penetration of distributed energy resources
(DERs) in distribution grids represents opportunities for en-
hancing system resilience and customer self-sufficiency, as
well as challenges in grid control and operation. One of these
challenges is the potential increase in the risk of cascading
tripping of inverter-based resources due to undesirable fluctu-
ations in the grid’s voltage profile [1]. This can put a hard limit
on the feasible capacity of operational DERs in distribution
grids, reduce the economic value of renewable resources for
customers, and cause loss of service in stand-alone systems
[2], [3]. The possibility of DER power generation disruption
due to voltage-related vulnerabilities in unbalanced distribu-
tion grids has been discussed in the literature: in [4], [5],
This work is supported by the Advanced Grid Modeling Program at the
U.S. Department of Energy Office of Electricity under de-oe0000875.
K. Dehghanpour, Y. Yuan, F. Bu, and Z. Wang are with the Department of
Electrical and Computer Engineering, Iowa State University, Ames, IA 50011
USA (e-mail: kavehd@iastate.edu; wzy@iastate.edu).
risk of cascading tripping of DERs, with ON/OFF current
interruption mechanism was demonstrated numerically in a
distribution grid test case for the first time. It was shown that
the unbalanced and resistive nature of networks can further
exacerbate this problem by causing positive inter-phase voltage
sensitivity terms. These positive sensitivity coefficients act as
destabilizing positive feedback loops that lead to voltage rise
after tripping of an individual inverter, which in turn could
contribute to a follow-up chain of DER disconnections. The
impact of grid voltage sensitivity on DER curtailment was also
studied and observed in [2]. Based on these insights, guidelines
were provided in [6] to roughly estimate the impact of new
DER capacity connections on the maximum voltage rise in
the grid. Detailed realistic numerical studies were performed
on practical feeder models in [7]–[12] that corroborated the
considerable impacts of extreme PV integration levels, and
DER control modes on grid voltage fluctuations, which is the
critical factor in causing massive DER curtailment scenarios.
Most existing works relied on simulations and numerical
studies to capture DER tripping under high renewable pene-
tration. While this has led to useful guidelines and invaluable
intuitions, it falls short of providing a generic theoretical
foundation for predicting cascading tripping events caused by
voltage fluctuations. Specifically, two fundamental challenges
have not been fully addressed: (1) The relationship between
nodal DER power distributions, nodal voltage profiles, and
inverter tripping events has not been systemically analyzed in
the literature thus far. Capturing this relationship analytically,
leads to a set of networked dynamic state transition equations,
which turns out to be non-differentiable and nonlinear. (2)
Instantaneous nodal DER/load powers serve as non-stationary
inputs to tripping equations, which further complicate study
of the system by constantly driving the tripping dynamics
out of equilibrium. In this sense, the tripping dynamics is a
case of non-equilibrium complex systems [13] without a sta-
tionary steady-state solution. The loss of asymptotic solution
for tripping events means that predicting the extent of DER
curtailment can be an intractable problem in general.
To tackle these challenges, we propose an alternative sta-
tistical modeling approach to quantify and mitigate the risk
of voltage-driven cascading tripping events. The proposed
method is based on a probabilistic state transition model
for DER tripping, which unlike the original non-equilibrium
model, is stationary since its parameters are determined using
DER/load statistics, instead of instantaneous real-time sam-
ar
X
iv
:1
90
8.
01
12
9v
1 
 [e
es
s.S
Y]
  3
 A
ug
 20
19
SUBMITTED TO IEEE FOR POSSIBLE PUBLICATION. COPYRIGHT MAY BE TRANSFERRED WITHOUT NOTICE 2
ples. Thus, this dynamic model can be assumed to be constant
over properly-selected time windows, which allows system
operators to define and calculate an asymptotic statistical
equilibrium for tripping events. The statistical equilibrium
is leveraged to predict and then mitigate expected DER
curtailment in the grid, despite the time-variable nature of
DERs/loads.
The proposed methodology is built upon probabilistic ma-
nipulation of power flow equations in radial networks, where
Bernoulli random variables are used to model probabilities
of inverter tripping. These probabilities are voltage-dependent
and serve as micro-states in the state-space representation
of the dynamic state transition equations of tripping events.
Then, Chebyshev’s inequality [14] is applied to determine a
stationary lower bound for the values that these micro-states
can assume under probable nodal power injection scenarios.
This lower bound, at its equilibrium, provides a conserva-
tive asymptotic estimation of expected DER curtailment, and
thus, represents a statistical risk metric for tripping events.
Furthermore, the lower-bound equilibrium is encoded into
an optimization framework, which enables mitigating the
expected DER curtailment events by designing optimal voltage
regulation countermeasures.
The proposed methodology is generic and can capture the
behavior of arbitrary radial distribution feeders using only
load/DER statistics and network topology/parameters. This
implies that tripping events can be conservatively predicted
using the proposed model and without the need for online
access to granular DER/load data, which makes our strategy
specifically suitable for assessing and mitigating risk of DER
tripping in practical networks, which are usually only partially
observable in real-time. In addition, the proposed statistical
model can be used to detect emerging phase transitions
in distribution grids, which correspond to probable massive
DER curtailment events. Numerical experiments have been
performed using real advanced metering infrastructure (AMI)
data and feeder models from our utility partners to validate
the developed statistical framework.
II. DERIVING AN APPROXIMATE STATISTICAL DYNAMIC
MODEL OF DER TRIPPING EVENTS
In this section, we will develop and then parameterize a
statistical dynamic state transition model of networked DERs
to quantify the possibility of emergent cascading tripping
events. To do this, first, we begin with the original non-
equilibrium model of DER tripping with ON/OFF voltage-
driven current interruption mechanism, and then, we will show
that by adopting a probabilistic approach towards the original
model and using Chebyshev’s inequality, tripping dynamics
can be conservatively estimated using statistical properties of
nodal available load/DER power.
A. Original Networked Switching Dynamic
In this paper, it is assumed that DERs are protected against
voltage deviations using ON/OFF switching mechanisms. Note
that here a “switch” can be a mechanical relay, as well as
a non-physical inverter control function that stops current
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Fig. 1. Distribution feeder structure with DERs, loads, and voltage-sensitive
current interruption mechanisms (i.e., switches).
injection into the grid under abnormal voltage even if the
inverter is still physically connected to the grid [15]. The
DER is tripped in case the nodal voltage deviates from a user-
defined permissible range, [Vmin, Vmax]. In this paper, this
range is adopted from the literature [4], as Vmin = 0.9 p.u.
and Vmax = 1.1 p.u.. The switching mechanisms are simply
modelled as binary micro-state variables with the following
voltage-dependent dynamics (see Fig. 1):
si(t+ 1) =

1 Vmin ≤ Vi(t) ≤ Vmax
0 Vi(t) < Vmin
0 Vi(t) > Vmax
(1)
where, si(t) is the micro-state assigned to the i’th DER at time
t as a function of the DER node’s voltage magnitude Vi. Here,
si(t) = 1 implies ON and si(t) = 0 indicates OFF. Since
the approximate power flow equations for distribution grids
are linear with respect to the squared values of nodal voltage
magnitudes [16], we re-write equation (1) using a variable
transformation, vi = V 2i , and employing unit step functions
as follows:
si(t+ 1) = U(vi(t)− vmin)− U(vi(t)− vmax) (2)
where, vmin = V 2min, vmax = V
2
max, and the unit step function
U(·) is defined as follows:
U(x) =
{
1 x ≥ 0
0 x < 0,
(3)
Note that a change in the state of one switch will cause
nodal power curtailment, which leads to a change of voltage at
other nodes that can in turn trigger consecutive tripping events.
To obtain the overall state-space dynamics of DER tripping,
the mutual impacts of switch micro-states on each other are
captured using an approximate unbalanced power flow model
for radial distribution grids [16], which determines voltage at
node i as a function of active/reactive power injections of every
other node in a grid (with a total of N + 1 nodes):
vi(t) =
N∑
j=1
v˜ij + v0, ∀i ∈ {1, ..., N} (4)
where, v0 = V 20 , with V0 denoting the voltage magnitude at a
grid reference bus, and the intermediary variable v˜ij represents
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the impact of active/reactive power injection at node j on vi,
which is obtained as follows:
v˜ij = Rij p˜j(t) +Xij q˜j(t) (5)
where, Rij and Xij are the aggregated series resistance and
reactance values corresponding to the intersecting branches
in the paths connecting nodes i and j to the reference bus
calculated as follows [16]:
Rij = 2
∑
{n,m}∈Pa(i,j)
rnm (6)
Xij = 2
∑
{n,m}∈Pa(i,j)
xnm (7)
where, Pa(i, j) represents the set of pairwise nodes consisting
of the neighboring nodes that are on the intersection of the
unique paths connecting nodes i and j to the reference bus;
rnm and xnm denote the real series resistance and reactance of
the branch connecting nodes n and m. Also, p˜j and q˜j denote
the active and reactive power injections at bus j, which are in
turn determined by the micro-state of the DER at node j (see
Fig. 1):
p˜j(t) = pj(t)sj(t) (8)
q˜j(t) = qj(t)sj(t) (9)
with pj and qj representing the available load/DER power at
node j, where pj > 0 implies generation. Note that (4)-(7)
are obtained in vector form for all three phases of unbalanced
distribution grids [16].
Equations (2)-(9) determine the full state-space representa-
tion of state transition dynamics of networked DERs, which
is a case of non-equilibrium complex dynamic systems [13]
consisting of N interactive micro-state variables {s1, ..., sN}.
The nonlinearity of the system hints at the possibility of
emergence of non-trivial macro-level behaviors and phase
transitions, including loss of a large number of DERs due to
a cascading tripping event. However, pj and qj act as time-
varying parameters within the model, which impede analytical
treatment of equations for predicting the asymptotic macro-
level behavior of the system. In the next section, we provide
an alternative manageable statistical method to approximate
and infer the behavior of this complex dynamic system.
Note that not all the nodes in the dynamic model are
necessarily controlled by ON/OFF voltage-sensitive switching
mechanisms. For examples, ordinary load nodes generally do
not have the dynamics shown in (2). For the sake of brevity,
the switching dynamics is still written for all the nodes in the
grid as presented, however, we will simply assign constant
values, si(t) = 1, ∀t to the nodes with no ON/OFF control
and remove their corresponding switching dynamics from the
state-space equations (see Fig. 1).
B. Alternative Approximate Statistical Dynamic Model
To handle the time-variability and discontinuity of the
original dynamic system, we adopt a probabilistic point of
view towards the model. Accordingly, the ON/OFF current in-
terruption mechanisms, si’s, are modelled as random variables
following Bernoulli probability distributions with parameters
λi,∀i ∈ {1, ..., N}: si ∼ B(λi), where parameter λi is
defined as the probability of the i’th DER switch being ON,
λi(t) = Pr{si(t) = 1}. The goal is to transform dynamic
micro-states from binary variables (si ∈ {0, 1}) into continu-
ous variables (λi ∈ [0, 1]). To rewrite the dynamic model in
terms of new micro-states note that we have E{si(t)} = λi(t)
for Bernoulli probability distributions, where E{·} represents
the expectation operation. Thus, by performing an expectation
operation over both sides of (2), switching dynamics in terms
of the new micro-states can be obtained as follows:
λi(t+ 1) = Pr{vmin ≤ vi(t) ≤ vmax} (10)
where, we have exploited E{U(f(x))} = Pr{f(x) ≥ 0}.
Note that the expected ON/OFF control dynamic represented
by (10) is an implicit function of nodal voltage probability
distribution. However, the exact distributions of nodal voltages
is unknown and a complex function of nodal active/reactive
injections, which implies that (10) cannot be determined
analytically unless over-simplifying assumptions are made.
Instead, we employ Chebyshev’s inequality [14] to provide
a lower bound on micro-state dynamics as a function of nodal
voltage statistics without making any assumption on voltage
distributions,
Pr{vmin ≤ vi(t) ≤ vmax} ≥ 1−
σ2vi + (µvi − vmax+vmin2 )2
( vmax−vmin2 )
2
(11)
where, σ2vi and µvi are the variance and mean of vi, re-
spectively. Hence, the approximate dynamic model can be
formulated for each micro-state as follows:
λˆi(t+ 1) = 1−
σ2vi + (µvi − vmax+vmin2 )2
( vmax−vmin2 )
2
(12)
This new dynamic model has two features: (1) it is a
conservative estimator of the original system since it over-
estimates the probability of DER tripping, λˆi ≤ λi. (2) As
will be shown in Section II-C, the approximate dynamic model
can be conveniently parameterized in terms of nodal available
active/reactive power statistics.
C. Approximate Dynamic Model Parameterization and State-
Space Representation
To parameterize the alternative approximate dynamic model
(12), nodal voltage statistics, σ2vi and µvi , are obtained in terms
of nodal available active/reactive power statistics. To do this,
power flow/injection equations (4)-(9) are leveraged.
Stage 1: µvi Parameterization - The expected value of
voltage magnitude squared is determined using (4)-(5) as,
µvi =
N∑
j=1
E{v˜ij}+ v0
=
N∑
j=1
(RijE{p˜j}+XijE{q˜j}) + v0 (13)
To calculate E{p˜j} and E{q˜j}, we will first obtain their
cumulative distribution functions (CDFs) [14], Fp˜j and Fq˜j ,
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respectively. This process is shown for p˜j as follows (Fq˜j is
obtained similarly):
Fp˜j (P ) = Pr{p˜j(t) ≤ P} = (1−λj(t))U(P )+λj(t)Fpj (P )
(14)
The rational behind (14) is that the distribution of power
injection is determined by two functions: the distribution of
DER switch (which is ON with probability λj(t)), and the
CDF of available DER power, Fpj . Now, the probability
density functions (PDF) of the realized active nodal power
injection, fp˜j , can be calculated as a function of the available
active DER power PDF, fpj (similar operation is performed
for reactive power):
fp˜j (P ) =
dFp˜j (P )
dP
= (1− λj(t))δ(P ) + λj(t)fpj (P ) (15)
Then, using the active/reactive power injection PDFs,
E{p˜j} and E{q˜j}, can be obtained through integration:
E{p˜j} =
∫ +∞
−∞
αfp˜j (α)dα = λjPj (16)
E{q˜j} =
∫ +∞
−∞
βfq˜j (β)dβ = λjQj (17)
where, Pj and Qj denote the mean values of the available ac-
tive and reactive powers at node j, respectively (Pj = E{pj}
and Qj = E{qj}). Thus, the mean nodal voltage magnitude
squared can be written in terms of DER switch statistics and
expected DER/load available powers:
µvi =
N∑
j=1
{Rijλj(t)Pj +Xijλj(t)Qj}+ v0 (18)
Stage 2: σ2vi Parameterization - Using (4), the variance of
nodal voltage magnitude squared can be formulated as,
σ2vi =
N∑
j=1
σ2v˜ij + 2
∑
1≤k<j≤N
Ω{v˜ij , v˜ik} (19)
where, σ2v˜ij is the variance of v˜ij , and the operator Ω{x1, x2}
denotes the covariance of the two random variables x1
and x2, which itself can be written in terms of their cor-
relation, ρx1,x2 , and standard deviations, σx1 and σx2 , as
Ω{x1, x2} = ρx1,x2σx1σx2 . To fully parameterize σ2vi using
available load/DER power statistics, σ2v˜ij and Ω{v˜ij , v˜ik} have
to be determined separately.
Stage 2-1: σ2v˜ij Parameterization - Using (5), σ
2
v˜ij
is
formulated as a function of p˜j and q˜j statistics:
σ2v˜ij = R
2
ijσ
2
p˜j +X
2
ijσ
2
q˜j + 2RijXijΩ{p˜j , q˜j} (20)
where, σ2p˜j and σ
2
q˜j
are the active/reactive power injection
variances, which can in turn be determined as follows:
σ2p˜j = E{s2jp2j} − E{p˜j}2 (21)
where, E{s2jp2j} is calculated through a similar process in-
volved in (14)-(17) (i.e., obtain the CDF, determine the PDF,
and integrate). Noting that in our case s2j = sj , the PDF of
s2jp
2
j is derived as follows (similar derivation applies to s
2
jq
2
j ):
fs2jp2j (ζ) = (1− λj(t))δ(ζ) +
λj(t)
2
√
ζ
(fpj (
√
ζ) + fpj (−
√
ζ))
(22)
By integrating (22) and using (16)-(17) to substitute for
E{p˜j} and E{q˜j}, the following results are obtained to param-
eterize the variances of nodal active/reactive power injections:
σ2p˜j = λj(P
+
j + P
−
j )− λ2jP 2j (23)
σ2q˜j = λj(Q
+
j +Q
−
j )− λ2jQ2j (24)
where, P+j = E{p2j |pj ≥ 0} and P−j = E{p2j |pj < 0};
similar definitions apply to Q+j and Q
−
j . Note that given that
pj ≥ 0 for DERs, P+j = σ2pj + P 2j and P−j = 0. Employing
an analogous logic, P+j = 0 and P
−
j = σ
2
pj + P
2
j for loads.
To obtain Ω{p˜j , q˜j} in (20), we leverage the fact that
Ω{x1, x2} = E{x1x2} − E{x1}E{x2} as follows:
Ω{p˜j , q˜j} = E{p˜j q˜j} − E{p˜j}E{q˜j} (25)
where, the term E{p˜j q˜j} is calculated similar to previous
derivations (i.e., CDF→PDF→integration), which combined
with (16) and (17) yields the following result:
Ω{p˜j , q˜j} = λjPjQj − λ2jPjQj + λjΩ{pj , qj} (26)
where, Ω{pj , qj} can be determined in terms of available
active/reactive power statistics, including correlation and stan-
dard deviations as Ω{pj , qj} = ρpj ,qjσpjσqj .
Thus, using (23), (24), and (26), σ2v˜ij can be parameterized
in terms of the available active/reactive power statistics, and
with respect to dynamic system micro-states:
σ2v˜ij = λjΓ
1
ij − λ2jΓ2ij (27)
where, the time-invariant parameters Γ1ij and Γ
2
ij are given
below:
Γ1ij =R
2
ij(P
+
j + P
−
j ) +X
2
ij(Q
+
j +Q
−
j )
+ 2RijXij(PjQj + Ω{Pj , Qj}) (28)
Γ2ij = 2RijXijPjQj + P
2
j R
2
ij +Q
2
jX
2
ij (29)
Stage 2-2: Ω{v˜ij , v˜ik} Parameterization - Similar to (26),
Ω{v˜ij , v˜ik}, is broken down to its components:
Ω{v˜ij , v˜ik} = E{v˜ij v˜ik} − E{v˜ij}E{v˜ik} (30)
By adopting a CDF→PDF→integration strategy, E{v˜ij v˜ik} is
determined in terms of active/reactive power injection statistics
as follows:
E{v˜ij v˜ik} =RijRikE{p˜j , p˜k}+RijXikE{p˜j , q˜k}+
XijRikE{q˜j , p˜k}+XijXikE{q˜j , q˜k} (31)
where, using previous derivations and through algebraic
manipulations, the following parameterization is obtained
in terms of available active/reactive power statistics for
Ω{v˜ij , v˜ik}:
Ω{v˜ij , v˜ik} = λjλk(Γ1ijk − Γ2ijk) (32)
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where, the parameters Γ1ijk and Γ
2
ijk are determined as:
Γ1ijk =
RijRik(Ω{pj , pk}+ PjPk) +RijXik(Ω{pj , qk}+ PjQk)+
XijRik(Ω{qj , pk}+QjPk) +XijXik(Ω{qj , qk}+QjQk)
(33)
Γ2ijk = (RijPj +XijQj)(RikPk +XikQk) (34)
By substituting (32) and (27) into (19), σ2vi is now fully
determined as a function of micro-states and in terms of
available nodal active/reactive power statistics.
Stage 3. State-Space Representation for the Discrete
Approximate Statistical Dynamic Model: Finally, using the
parameterized σ2vi and µvi , the alternative statistical dynamic
state transition model (12) yields a state-space representation
for the approximate micro-state vector λˆ = [λˆ1, ..., λˆN ]>:
λˆ(t+ 1) = a0 +Bλˆ(t) +
 λˆ(t)
>C1λˆ(t)
...
λˆ(t)>CNλˆ(t)
 (35)
where, all the time-invariant parameters of the model are con-
catenated into the vector a0 and matrices B, and {C1, ..., CN}.
The elements of these parameters are determined by organizing
the previous derivations in Stages 1 and 2, as follows:
a0(i) = 1− (2v0 − vmax − vmin
vmax − vmin )
2 (36)
B(i, j) =
−1
( vmax−vmin2 )
2
Γ1ij −
2v0 − vmax − vmin
( vmax−vmin2 )
2
(PjRij +QjXij)
(37)
Ci(j, k) =
{ −1
(
vmax−vmin
2 )
2
Γ1ijk j 6= k
0 j = k,
(38)
where, a0(i) denotes the i’th element of a0 , and B(i, j) and
Ci(j, k) are the (i, j)’th and (j, k)’th elements of B and Ci,
respectively. The aggregate switch dynamic can be written
as a function of approximate macro-state, Sˆ =
∑N
i=1 λˆi, as
follows:
Sˆ(t+1) = [
N∑
i=1
a0(i)]+[
N∑
i=1
B(i, :)] ·λˆ(t)+λˆ(t)>[
N∑
i=1
Ci]λˆ(t)
(39)
where, Sˆ is a conservative estimator of the real macro-state,
S, which is the actual expected population of switches that are
ON, i.e., Sˆ(t) ≤ S(t). Also, B(i, :) is the i’th row of matrix
B. To summarize, the proposed approximate probabilistic
dynamic model leverages available load/DER power statistics
shown in Table I.
The approximate dynamic model (35) has an intuitive
interpretation: matrix B represents the linear component of
the switching dynamics, which as can be observed in (37)
and (29), is determined only by each individual nodes’ ac-
tive/reactive power statistics, including the expected values and
self-correlation between active/reactive power at each node
alone. However, matrices {C1, ..., CN} capture the nonlinear
TABLE I
NEEDED STATISTICS FOR DEVELOPING THE PROPOSED APPROXIMATE
DYNAMIC MODEL
components of the approximate dynamic model, where the
element Ci(j, k) determines the coefficient assigned to the
interactive nonlinear probability-product term λˆj(t) · λˆk(t) in
driving λˆi(t+1). In other words, Ci(j, k) quantifies the mutual
impact of the j’th and k’th DER micro-states on dynamics of
the i’th DER switch. Furthermore, as observed in (38) and (33)
the elements of Ci, unlike B, are determined by the mutual
correlations in available active/reactive powers of different
DERs. The inherent nonlinearity of (35) hints at the possibility
of phase transition and macro-level bifurcation as DER/load
power statistics evolve over time, which could correspond to a
cascading tripping event (at least in the approximate statistical
dynamic model). In this sense, the structure of the approximate
dynamic model is similar to other complex interactive dynamic
systems in the literature, including nonlinear combinatorial
evolution models [13] and asymmetric Ising systems [17],
which are also known to demonstrate critical behavior and
emergent non-trivial patterns at the macro-level under certain
conditions.
III. DER CURTAILMENT QUANTIFICATION AND
MITIGATION
Using (35) as a conservative worst-case dynamic bound
for the real system, an optimization problem is formulated
to provide a realistic estimation of the actual values of the
micro-states of the grid. This problem is solved at any given
time-window at which available nodal active/reactive power
statistics are known:
min
λˆ
−(P> · λˆ),
s.t. λˆ = a0 +Bλˆ +
 λˆ
>C1λˆ
...
λˆ>CNλˆ

0 ≤ λˆj ≤ 1 ∀j ∈ {1, ..., N}
(40)
where, P = [P1, ..., PN ]>. The objective of this optimization
problem is to find the maximum achievable expected DER
power in the gird according to the conservative statistical
model. While the solution to this problem is still a lower bound
estimation of the real achievable DER power, the estimation
gap between λˆ and λ is minimized. In other words, the
optimization searches for the most optimistic values for micro-
states with respect to the conservative approximate dynamic
model. The problem is constrained by the stationary statistical
equilibrium of the approximate dynamic model obtained by
λˆ(t + 1) = λˆ(t), which defines the statistical steady-state
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Fig. 2. Structure of the 240-node test system.
condition for the system. Furthermore, the physical charac-
teristics of micro-states are constrained by valid probability
assignments within [0, 1] interval.
A similar problem can be formulated to provide counter-
measures against massive tripping events at any given time
window. For example, here we provide a formulation for min-
imizing DER curtailment by controlling the voltage magnitude
at the system reference bus:
min
λˆ,v0
−(P> · λˆ),
s.t. λˆ = a0(v0) +B(v0)λˆ +
 λˆ
>C1λˆ
...
λˆ>CNλˆ

0 ≤ λ˜j ≤ 1 ∀j ∈ {1, ..., N}
vmin ≤ v0 ≤ vmax
vRmin ≤ v0 − vI0 ≤ vRmax
vmin ≤µvi(λˆ, v0) ≤ vmax ∀i ∈ {1, ..., N}
(41)
where, v0 is integrated into the optimization problem as a
decision variable. Constraints are added to ensure that the
control action and the expected nodal voltage magnitudes
remain within permissible boundaries [vmin, vmax]. Here, vI0
represents the initial setpoint value for v0, and [vRmin, v
R
max]
is the permissible range of rate of change of voltage at the
reference bus with respect to the initial voltage setpoint. To
integrate v0 into the problem, the expected nodal voltage
magnitude squared values are written as a function of network
parameters, expected available nodal active/reactive powers,
and the optimization decision variables using (18): µv1...
µvN
 ≈
 R11P1 +X11Q1 . . . R1NPN +X1NQN... . . . ...
RN1P1 +XN1Q1 . . . RNNPN +XNNQN
 λˆ + v0
(42)
where, v0 = [v0, ..., v0]>.
IV. NUMERICAL EXPERIMENTS AND VALIDATION
Numerical experiments have been performed to validate the
proposed approximate statistical dynamic model. In this, we
Fig. 3. Nodal DER outputs in the test system.
Fig. 4. Nodal consumption in the test system.
have used real feeder model of an Iowa distribution system
from our utility partner as shown in Fig. 2. The network model
in OpenDSS and detailed parameters are available online [18].
To perform simulations we have used real solar and load data
with 1-second time resolution from [19]. Fig. 3 shows the DER
outputs at different nodes in the system for one day. Fig. 4
demonstrates 15-minute average nodal demand. The load/DER
data have been randomly distributed across the three phases
of the grid at each node.
To verify the performance of the proposed approximate
statistical dynamic model, time-series simulations were per-
formed on the test system. Then, the real values of original
micro-states, λi, were determined empirically over time win-
dows of length T = 60 minutes. Intuitively, λi serves as the
ground truth and roughly represents the portion of time that
si is ON during each time window:
λi(T ) ≈
∑T
t=1 si(t)
T
(43)
Fig. 5a demonstrates the empirical micro-states, λi, at
different time intervals, which are determined by applying
(43) to simulation outcomes. Based on the values of these
micro-states, the empirical macro-state value is calculated at
all time intervals, which represents the expected percentage of
DER switches in ON state, i.e., Sp(T ) ≈
∑N
i=1 λi(T )
N × 100.
Fig. 5b compares the empirical macro-state value and the
lower bound value constructed using solutions of (40). As can
be seen, the solution from the approximate dynamic model
actually represents a lower bound to the empirical macro-
state obtained from simulations at all time windows, which
corroborates the performance of the method. Fig. 5c depicts
the aggregate maximum available DER (all switches ON at
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Fig. 5. Comparing the empirical and statistical-dynamic-based lower bound
solution.
all time), empirical aggregate realized DER from numerical
simulations, and DER power corresponding to solution of (43).
As observed, the lower bound solution still holds and provides
a conservative yet close estimation for the empirical achievable
DER power outcome.
The gap between the empirical macro-state obtained from
numerical experiments and the proposed lower bound is an
implicit function of DER penetration. Sensitivity analysis was
performed to quantify the relationship between this gap and
DER penetration percentage, as shown in Fig. 6. Here, DER
penetration is defined as the mean value of peak nodal DER
power over peak nodal demand. The maximum, minimum, and
mean values of the gap between the provided lower bound
and the empirical macro-state is measured at various levels of
DER penetration. As is observed in the figure, the optimistic
value of the gap drops and eventually reaches 5% as DER
penetration increases, which indicates that the lower bound
approaches the true macro-state value in grids with higher
Fig. 6. Lower bound gap as a function of DER integration.
Fig. 7. DER curtailment sensitivity to inverter control setpoints.
DER penetration. On the other hand, the maximum value of
the gap shows an increase after a certain DER penetration level
which points out to higher variations in solutions obtained
from the approximate dynamic model.
Fig. 7 shows the overall daily DER curtailment levels, both
empirical and the lower bound, as a function of changes in
inverter control parameter. The DER inverters in the system
are assumed to be controlled in constant power factor (PF)
mode. As the reference PF setpoint increases and the system
moves towards unity PF the voltage fluctuations decrease,
which leads to lower DER curtailment. This confirms previous
observations in the literature [8]. Furthermore, our proposed
statistical-dynamic-based lower bound always over-estimates
the curtailment level, as expected correctly from the conser-
vative estimator.
Further tests were performed to corroborate the performance
of countermeasure design strategy introduced in (41). Fig.
8a shows the outcome of the optimization problem (41),
compared to a base case without any voltage regulation. As
observed, v0 is optimally decreased during DER-rich intervals
to compensate for the increased voltage fluctuation levels. Fig.
8b compares the aggregate DER injection values under the
newly acquired v0 values and the base case without voltage
control. As can be seen, the obtained countermeasure has as-
sisted significantly in mitigating the overall DER curtailments
during critical time intervals.
Fig. 9 demonstrates the average realized daily DER power
ratio as a function of average DER penetration. While the
maximum realizable DER power is initially constant, it starts
to drop as DER penetration in the system passes a certain
threshold. The emerging drop is caused by increasingly larger
SUBMITTED TO IEEE FOR POSSIBLE PUBLICATION. COPYRIGHT MAY BE TRANSFERRED WITHOUT NOTICE 8
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Fig. 8. DER curtailment countermeasure design verification
Fig. 9. Phase transition analysis.
tripping events. The existence of this threshold attests to a
phase transition in the switching dynamics, which has been
observed in other nonlinear complex systems as well [13].
Above the DER integration threshold, which is around 30% for
the test system, massive DER curtailment can be expected due
to voltage fluctuations. It can be observed that the statistical-
dynamic-based lower bound accurately tracks the behavior of
the real system, and can be used to convey information on the
whereabouts of the phase transition.
V. CONCLUSIONS
In this paper, a probabilistic dynamic state transition model
of DER tripping is presented to assess the risk of cascading
power curtailments due to voltage fluctuations in distribution
grids. This model is developed using only the statistical prop-
erties of available load/DER active/reactive power. Numerical
results on a real distribution feeder using real data successfully
validate the estimated conservative lower bounds on dynamic
micro-states. Furthermore, it is demonstrated that the proposed
model can be used for identifying phase transitions in tripping
dynamics and designing countermeasures to minimize risk of
DER curtailment.
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